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A New Momentum Integral Method
for MHD Channel Entrance Flows
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NASA Lewis Research Center, Cleveland, Ohio

Nomenclature
= channel half-width (Y direction)

magnetic field strength
local friction coefficient
average friction coefficient
Blasius friction coefficient = 0.664 (p/pUX)112

electric field strength
"edge" stress function
load parameter = E/(U)B
Hartmann number = Ba(o-/fj.)112

pressure
nondimensional pressure drop = (p — po)/p(U)2

Reynolds number = 4p(C7)a//*
freestream velocity
average velocity
velocity in boundary layer
dimensionless velocity = u/{U)
coordinate parallel to flow
X/a
4x/Re

CfB
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/
K
M
p
PL
Re
U
<(7)
u
u*
X
x

Y = coordinate parallel to magnetic field
y = Y/a
Z = coordinate perpendicular to X and Y
O.L — see Eq. (4)
d = boundary-layer thickness
8* — displacement thickness
c = d/a
e* = e/em

<n = Y/d
6 = momentum thickness
n, = viscosity
p = mass density
<r = electrical conductivity
re = "edge" stress
TW — wall stress

Subscripts
L = laminar
w = wall
o = entrance value
oo = asymptotic value

AMOMENTUM integral technique has been developed
which1 uses a boundary-layer "edge" shear stress re to

derive core flow and boundary-layer equations of motion for
magnetohydrodynamic (MHD) entrance flows. The edge
stress acts as a viscous coupling between the boundary layer
and the core flow and allows the latter to develop a viscous
pressure drop, which standard momentum integral tech-
niques2''6 do not permit. Basically, the governing equations
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are integral forms of Prandtl's boundary-layer equations with
a shear stress re acting between the boundary-layer and core
flow. By defining an edge stress function /(e) such that

re/(l - e) = rwf(e) (1)
and using a parabolic velocity profile for laminar flow, the
nondimensionalized equation of motion becomes

r_2±i?_l
L(l - e/3)2J dx

= 120 [
Re L

2(1 - /) M*
3 (2)

The values of ero and f(em) = /„ are obtained by requiring
that 1) the asymptotic wall stress as computed from the
boundary-layer profile be equal to the exact Hartmann flow
value7 and 2) Eq. (2) yield solutions which are asymptotic to
eco. The entrance values e0 and /(e0) = /0 depend on the
initial conditions. Two entrance velocity profiles of particu-
lar interest are 1) the uniform velocity profile and 2) the
fully developed nonmagnetic Poiseuille flow profile.5 Al-
though both of these cases can be treated with the present
method,1 results will be presented only for the first, since it
has been extensively treated in the literature.

For values of e between e0 and 6ro the quantity re/(l — e)
is taken to vary as a linear combination of the two perturbing
forces in such a way that the function / passes through its
initial and final values. These perturbing forces are the wall
stress TW, which is inversely proportional to the boundary-
layer thickness and the Lorentz force term, which is directly
proportional to the boundary-layer thickness. Equation (2)
then becomes

[2

where

120

= <*L(1 - 6*2)

- (M2/3)60*2'

(3)

This equation can be integrated by partial fractions to yield

18x =

- 3/0 -1 -

(5)

where

^)72(3/6.- I)2

- 9/6OT
2)

An approximation to Eq. (5), valid when e « 1 for all
values of X} is

(6)

(7)

c *= [ l + (e0*2 - 1

The local and average friction coefficients C/L and
and the nondimensional pressure drop PL are given by

2rw 16
Re(l -
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Fig. 1 Laminar flow velocity development for zero Hart-
mann number.
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where
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Discussion of Results

Figure 1 shows the laminar flow velocity development for
a Hartmann number M of zero. This is compared with the
finite difference solution of Bodoia and Osterle.8 Even
though the core flow velocities (large y values) are somewhat
in error, the nearwall velocities (small y values) follow the
finite difference solution quite closely. Such behavior is
also observed at a Hartmann number of 4, where the finite
difference solution of Shohet et al9 is applicable. Accuracy
of the velocity profile near the wall is more important than
elsewhere, because the wall stress and, hence, the friction
coefficient must be calculated there.

Figure 2 illustrates the pressure drop development at a
Hartmann number of 4 as compared with the results of
Shohet et al,9 All the curves in this figure correspond to one
solution of Eq. (3). As can be seen, the accuracy is quite
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Fig. 2 Laminar flow pressure drop development for Hart-
mann number, M = 4.

Fig. 3 Ratio of local friction coefficient to Blasius
friction coefficient as a function of distance [C/& = 0.664(/*/-

good. Good accuracy is also obtained at a Hartmann number
of zero.

Figure 3 is a comparison of the present work with the
numerical flat plate results of Dix10 and Dukowiez et al11 and
the momentum integral-Hartmann profile method of Hey-
wood and Moffatt.2 Here, the simpler Eq. (6) is used
rather than (5) because e » 1 throughout the flow. The
agreement is quite good, particularly with the results of
Dukowicz et al.11 These numerical results should be some-
what more accurate than those of Dix,10 because a von Mises
transformation was used to remove the leading edge
singularity.

The momentum integral method of Heywood and Moffatt2

is also seen to be accurate for predicting the friction coeffi-
cient along a flat plate. However, it should be remembered
that theirs are numerical results, whereas the present calcula-
tions were made from simple analytical results obtained by
using Eq. (6) in Eq. (7).

Concluding Remarks

1) It appears that, in applying the momentum integral
approach to the entrance flow in an MHD channel, it is im-
portant to include viscous stresses in the core flow as well
as in the boundary layer, which can be done by defining an
edge stress.

2) The presence of an edge shear stress term in the integral
equation of motion allows solutions to be obtained which are
a) analytical, b) accurate both near to and far from the
entrance, and c) which can be used with a variety of entrance
conditions.
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Unsymmetrical Bending of
Shells of Revolution

J. J. BLECH*
Ford Motor Company, Dearborn, Midi.

BASED on the general first-order shell theory of Sanders,
B. Budiansky and P. P. Radkowski1 derived a set of

four governing second-order differential equations. It has
been pointed out by several authors2"4 that for a computer
analysis it is convenient to use as dependent variables those
quantities which appear in the boundary conditions, thus
reducing the shell field equations into a system of eight first-
order differential equations. In such a formulation the
computation of derivatives of wall properties is avoided. In
case of the Sanders theory, using the same notation as in
Ref. 1 a first-order system of equations is derived from the 17
field Eqs. (27-32) of Ref. 1 with the aid of Eqs. (5-7, 46, 49).
This set of equations can be written in the matrix form

Z' = AZ + P (1)
where the elements Zt-, Pi of the 8 X 1 column vectors Z, P,
respectively, are given by

(2a)

Pi = -tT/b, P2 = 0, P3 = 0, P4 - -mT/d
PS = 7(1 ~ v)tT ~ Pt

PG = n/p(l — v) (tT + A2co0mr) — P0 (2b)
P7 = (1 - v} (Ufa + X2n2/p2mr) - p

PS = 7(1 — v)rn,T
and the elements A^ of the 8 X 8 matrix A are as follows

An = A4i = -^7 (3a)
-412 = —^.66 = —vn/p (3b)

^16 = 1/& (3d)

A 22 = ~^56 = -A78 = -^67 = 7 (3f)

^4.23 = 7^-24 = — An = — AM.87 =

A27 = (2/6c)(l - ^) (3h)

42 = -(1/X2)A65 = -(m/P)a>e (3k)

43 = -(1/X2)A75 = -w2/p2 (31)

^45 = l/d (3m)
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A* = 6(1 - v)c
X2d n2 1
~/T 1 Wtf

6 p2 J

= 6(1 -

T

= 6(1 - ^

64 = X2A82

= 6(1 -

where

As, = -(I - ?)7

^88 = 1/X2

c = 1 + (l/4)(\Wfe)(3«« - «€;
and all the other A;/s are equal to zero.

Equation (80) of Ref. 1 is replaced by

+ ^ ( 1 + co, M ̂  + (ue + -
P V a/ \ a p2

to

,£^_
ad (1 —

(1
TJU.-!£](-
") I L P «J

+

(3n)

(3o)

(3p)

(3q)

(3r)

(3s)

(3t)

(3u)

(3v)

(3w)
(3x)

(4)

^o A , , 1 f \ , <r , f mr ffqy
" (fT^ V f t ' « + da"*) + ^ + aT ~ (TT

(5a)

(5b)

By partitioning the column vector Z into two 4 X 1 column
vectors y — (u(, UB, w, <p£) and z = (t(, *f», /{, mt), the branch
point transition relations (Bl), (B2) of Ref. 1 are simplified to

ylll — if/Uyll = if/Iyl (6a)

- $W (6b)
where the matrix \l/ is given by Eq. (57) of Ref. 1.

The boundary conditions and discontinuity condition
equations that are used in the present formulation are similar
to Eqs. (47, 55, and 56) of Ref. 1, respectively.
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